The probability of successfully controlled teleportating an unknown qubit using a general threeparticle state is investigated. We give the analytic expressions of maximal probabilities of successfully controlled teleportating an unknown qubit via several kinds of tripartite states including a tripartite GHZ state and a tripartite W-state.
I. INTRODUCTION
Bennett et al. [1] showed that an arbitrary unknown state of a qubit could be teleported from a sender to a spatially distant receiver with the aid of longrange Einstein-Podolsky-Rosen (EPR) correlations and the transmission of two bits of classical information. Since then, quantum teleportation has been developed by many authors [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] due to its important applications in quantum communication [19] and quantum computation. In past several years quantum teleportation has been also experimentally demonstrated by several groups [20, 22] .
The controlled quantum teleportation scheme was presented by Karlsson and Bourennane [12] . In the scheme, an unknown state can be perfectly transported from one place to another place via previously shared GHZ state by means of local operations and classical communications (LOCC) under the permission of the third party. The signal state can not be transmitted unless all three sides agree to cooperate. The controlled quantum teleportation is useful in networked quantum information processing and cryptographic conferencing [24, 25, 26, 27] , and controlled quantum secure direct communication [28] and has other interesting applications, such as in opening account on the agreement of managers in a network. Recently, a number of works on controlled quantum teleportation have also been proposed [13, 14, 17, 18] , where they restrict themselves to the special quantum channels, such as GHZ state or W state. If a nonmaximally entangled state is taken as quantum channel, then one can not teleport a qubit with unit probability and unit fidelity. However, it is possible to teleport a qubit with a probability p < 1, which is called probabilistic quantum teleportation [15, 16] . More recently, the probabilistic scheme has been generalized to teleport N qubits [10, 11] .
The entanglement property lies at the very heart of quantum information theory. The reason is that entanglement is the physical resource to perform some of the most important quantum information tasks, such as quantum teleportation, quantum computation etc. In [29] , Verstraete, Popp, and Cirac introduced a new concept which they called localizable entanglement (LE). This quantity not only has a very well defined physical meaning that treats entanglement as a truly physical resource, but also establishes a very close connection between entanglement and correlation functions. The LE E ij is defined as the maximum of the average entanglement between the spins i and j over all possible outcomes
where p s denotes the probability to obtain the two-spin state |φ s after performing the measurement |s in the rest of the system, E(|φ s ) is the chosen measure of entanglement of |φ s . The determination of the LE is a formidable task since it involves optimization over all possible local measurement strategies, and thus can not be determined in general. However, Verstaete, Popp, and Cirac gave tight upper bound and lower pound in case of E(|φ s ) being the concurrence of |φ s . We determined the exact value of this kind of LE of the general tripartite state, and obtained the analytic expression of another kind of LE, the maximal successful probability of controlled teleporting a qubit of unknown information from a sender to a remote receiver via the control of a third agent by the use of a general three-qubit state [30] .
In this paper, we give the exact values of the maximal probabilities of successfully controlled teleportating an unknown qubit via many kinds of tripartite states including a tripartite GHZ state and a tripartite W-state.
The paper is outlined as follows. In Section II, we present a scheme for controlled probabilistic quantum teleportation of an arbitrary unknown qubit with a general three-qubit state. Furthermore, the successful probability of this teleportation is also obtained. In Section III, we show how to select measuring basis to reach the maximal successful probability of controlled teleporting the complete information about an arbitrary unknown state of a qubit using some kinds of three-qubit states. A brief summary is given in Section IV.
II. THE CONTROLLED QUANTUM TELEPORTATION USING A GENERAL THREE-PARTICLE STATE
Acín et al. [31] gave the minimal decomposition of any pure three-qubit state in terms of orthogonal product states built from local bases--a generalization of the two-quantum-bit Schmidt decomposition. They proved that for any pure three-quantum-bit state the existence of local bases which allow one to build a set of five orthogonal product states in terms of which the state can be written in a unique form. That is, for every pure state of a composite system, 123, there exist orthonormal states |0 1 , |1 1 for system 1, orthonormal states |0 2 , |1 2 for system 2, and orthonormal states |0 3 , |1 3 for system 3 such that
It is uniquely characterized by the five entanglement parameters.
Suppose that Alice is to deliver an unknown state to a distant receiver Bob supervised by the controller Charlie via a quantum channel of a normalized general pure three-qubit state in (2), where particle 1 belongs to Charlie, particle 2 is in Alice's side, while Bob has particle 3. Let a 0 = 0 through out the paper. Since if a 0 = 0, then |Ψ 123 is a tensor product state of a pure state of particle 1 and a pure state of particles 2 and 3, but not a true tripartite entangled state. Bob can get the qubit of quantum information carried by the unknown state only if he obtains the permission of Charlie (i.e., Charlie is trustworthy and cooperative).
After Charlie's measurement, the quantum channel is collapsed to |Φ 1 23 and |Φ 2 23 with probability p 1 and p 2 , respectively.
By Schmidt decomposition,
where
3 }, and {0 3 ,1 3 } ) are orthonormal bases of system 2 (system 3), and Schmidt coefficients
Here C 1 = |a0a4e −iϕ sin θ+2(a1a4e iµ −a2a3)e −2iϕ sin 2 θ
| p1
and
are the concurrence of |Φ 1 23 and |Φ 2 23 , respectively.
For simplicity, we write (9) and (10) as
Suppose that the unknown quantum state the sender Alice wants to teleport to Bob is
If the measurement outcome of Charlie is |x 1 , then the collect state of particles 2, 3 and 4 is
, respectively. Then she conveys her measurement outcome to Bob over a classical communication channel. In order to achieve teleportation, Bob needs to introduce an auxiliary particle b with the initial state |0 b and performs a collective unitary transformation
on the state of particles 3 and b. Then the measurement on his auxiliary particle b follows. If his measurement result is |0 b , Bob can fix up the state of his particle 3, recovering |ψ , by applying an appropriate local unitary operation.
The achievable successful probability of teleporting the unknown state in (14) via |Φ 1 23 is 2 √
ilarly, if the measurement result of Charlie is |x ⊥ 1 , the achievable successful probability of teleporting the state in (14) via |Φ 2 23 is 2λ 20 .
Therefore, probability p of successfully controlled teleporting an unknown qubit (14) using a general threeparticle state in (2) is
Here 
Obviously,
It is clear that the successful probability is the same as the above (16) if the operation order is changed. That is, if Alice makes a Bell state measurement on her particles 2 and 4 first, the third party Charlie's measurement on his particle 1 follows, after that Bob operates his particle to acquire a qubit of quantum information Alice sends, instead of the above operation order, then they can also achieve the successful probability (16) of controlled teleportation.
III. THE MAXIMAL SUCCESSFUL PROBABILITY OF CONTROLLED QUANTUM TELEPORTATION USING THREE-PARTICLE
STATES WITH a1a2a3a4 sin µ = 0
In [30] , we determined the analytic expression of the maximal successful probability of controlled teleportation by using the general tripartite state (2) with a 0 a 1 a 2 a 3 a 4 sin µ = 0. In this section, we give the analytic expression of the localizable entanglement (LE), the maximum of probability of successfully controlled teleporting an unknown qubit state (14) via every three-qubit state (2) satisfying a 1 a 2 a 3 a 4 sin µ = 0 and investigate how to achieve it (that is, Charlie finds optimal measurement basis).
Obviously, the maximum of (16) is
In order to get the maximum p max of p in (22), we need only obtain the minimum of P (θ, ϕ) + Q(θ, ϕ)
In other words, to reach the maximal probability of exact controlled teleportation through an arbitrary partially entangled quantum channel (2), the supervisor Charlie needs only to choose optimal measurement basis, i.e. he selects θ 0 and ϕ 0 such that min{
Note that the minimum of P (θ, ϕ)+ Q(θ, ϕ) should occur at the points such that P (θ, ϕ) = 0, Q(θ, ϕ) = 0,
or, the boundary of θ and ϕ. From Eq. (24) and Eq. (25), there are
t 2 +1 ,t = y + y 2 + 1, t ∈ (0, +∞). These will be useful throughout the paper. Next we give controller's optimal measurement basis (3) for every kind of given quantum channel (2) satisfying a 1 a 2 a 3 a 4 sin µ = 0. That is, we determine the two parameters θ and ϕ in measurement basis (3) . To state clearly, we classify the quantum channel (2) into the following cases. Next we examine quantum channels (2) with the following different characterizations, give the maximal probability of exact teleportation via any threequbit state (2) with a 1 a 2 a 3 a 4 sin µ = 0, and characterizes the tripartite states that can collapse to an EPR pair after Charlie's measurement.
A. a1 = a2 = a3 = 0, and a0a4 = 0
The quantum channel (2) with three coefficients being 0 is the only one satisfying a 1 = a 2 = a 3 = 0 and a 0 a 4 = 0, since others are biseparable (one party is not entangled with the other two parties) and can not be used as quantum channel of controlled teleportation.
It can be seen that
for each ϕ ∈ [0, 2π], and all θ satisfying | cos θ| ≤ |1−2a
Note that if cos θ = 1−2a 2 0 = 0 or cos θ = −1+2a 2 0 = 0, then P (θ, ϕ) = 0 or Q(θ, ϕ) = 0, which means that after Charlie's measurement the state of Alice's particles 2 and 3 can be an EPR pair with probability 2a
}, particles 2 and 3 are collapsed to a Bell state with probability 1. It follows that perfect quantum teleportation can be achieved if a 0 = 1 √ 2 (i.e quantum channel is in GHZ state) and θ = π 2 . That is, one can send perfect unknown state to another using GHZ state as a quantum channel via controller's measurement in the basis {
B. a1 = a4 = 0, and a0a2a3 = 0
Here we consider the quantum channel with coefficients satisfying a 1 = a 4 = 0 and a 0 a 2 a 3 = 0. These states are called tri-Bell states in [31] . Note that W-state
is contained here, since the quantum channel (2) in case of a 1 = a 4 = 0 and
is LOCC equivalent to W-state.
If
, or
. It is not difficult to prove that
| > 1 if a 2 = a 3 , and
= −1 if a 2 = a 3 . Thus, P (θ, ϕ) = 0 if and only if a 2 = a 3 , and θ = π. From (19) , there is Q(θ, ϕ) = 0 if and only if a 2 = a 3 , and θ = 0. Combining (19) and (20) , there is
(32) Therefore, for the quantum channel (2) such that a 1 = a 4 = 0, a 2 = a 3 and a 0 a 2 a 3 = 0, can be collapsed to a Bell state with probability p 1 = p 2 = 1 − a 2 0 by Charlie measuring his particle in the basis {|0 , |1 }.
Next we suppose that P (θ, ϕ) = 0 and Q(θ, ϕ) = 0.
From (28), we derive that a (24) .
Note that if θ = 0, π, then a 2 = a 3 by P (θ, ϕ) = 0 and Q(θ, ϕ) = 0.
That is, for quantum channel (2) with a 1 = a 4 = 0, a 0 a 2 a 3 = 0 and a
, the controller should choose measurement basis {|0 , |1 }; otherwise, he selects measurement basis (3) with θ = π 2 (i.e. he measures in the basis {
}, where ϕ ∈ [0, 2π]), thus, the controlled teleportation in Section II can achieve maximal successful probability p max < 1.
C. one is a1 = a2 = 0 and a0a3a4 = 0, the other is a1 = a3 = 0 and a0a2a4 = 0
Now we discuss the quantum channel (2) with the characterization a 1 = a 2 = 0 and a 0 a 3 a 4 = 0.
First, P (θ, ϕ) = 0 and Q(θ, ϕ) = 0. If
, which are impossible. Thus, P (θ, ϕ) = 0. By (19) , there is also Q(θ, ϕ) = 0. The quantum channel (2) with the characterization a 1 = a 2 = 0 and a 0 a 3 a 4 = 0 can never collapse to an EPR pair after Charlie's measurement. Second, (28) (24). We can get
where θ = π 2 . Similarly, when a 1 = a 3 = 0, and a 0 a 2 a 4 = 0, we have
where θ = π 2 . That is, the controlled teleportation via quantum channel (2) satisfying a 1 = a 2 = 0 and a 0 a 3 a 4 = 0, or a 1 = a 3 = 0 and a 0 a 2 a 4 = 0 can only succeed with optimal probability p max = 1 − 1 − 4a 2 0 a 2 4 < 1.
D. one is a2 = a4 = 0 and a0a1a3 = 0, the other is a3 = a4 = 0 and a0a1a2 = 0
For the quantum channel with characterization either a 2 = a 4 = 0 and a 0 a 1 a 3 = 0, or a 3 = a 4 = 0 and a 0 a 1 a 2 = 0, since P (θ, ϕ) = p 2 1 , Q(θ, ϕ) = p 2 2 , so min{ P (θ, ϕ) + Q(θ, ϕ)} = 1, and p max = 0 for both cases. It can also be seen directly from the quantum channel (2) with these two characterizations being biseparable states.
E. a2 = a3 = 0 and a0a1a4 = 0
The quantum channel (2) with coefficients satisfying a 2 = a 3 = 0, but a 0 a 1 a 4 = 0, are extended GHZ states according to the classification in [31] .
For this kind of quantum channel, we can derive that
| is a region, as we can see easily that ( and a 1 cos(ϕ−µ) sin θ+a 0 cos θ = 0, which means that as long as Charlie measures the quantum channel
in the basis (3) satisfying a 1 cos(ϕ−µ) sin θ+a 0 cos θ = 0, where θ ∈ [0, π], ϕ ∈ [0, 2π], Alice and Bob can obtain an EPR pair with certainty (i.e. with probability p = 1), and Alice teleports her one qubit information to Bob with probability 1 and with unit fidelity. Note that the state
is LOCC equivalent to the state in (40). That is, the states in (41) or (40) can be used for perfect controlled quantum teleportation. Clearly, one can achieve perfect teleportation via these states by the controller making a measurement on his particle using the basis (3) satisfying a 1 cos(ϕ − µ) sin θ + a 0 cos θ = 0. More important, this kind of states in (41) or (40) are different from GHZ state according to the classification in [31] .
F. a1 = 0 and a0a2a3a4 = 0
In this section, we investigate the quantum channel with coefficients having a 1 = 0 and a 0 a 2 a 3 a 4 = 0.
Evidently,
and P (θ, ϕ)Q(θ, ϕ) = 0 in case of θ = 0, π. We first examine the condition of P (θ, ϕ) = 0. If 
By (19) and (20), we have Q(θ, ϕ) = 0 iff a 2 = a 3 , ϕ = 0, and θ = π − θ 0 , and 
It is shown that an EPR pair can be obtained with probability
if a 2 = a 3 and Charlie using measurement basis (3) with (θ, ϕ) = (θ 0 , π), or (θ, ϕ) = (π − θ 0 , 0), where cot θ0 2 = a4 a0 and 0 < θ 0 < π. Next we assume that P (θ, ϕ)Q(θ, ϕ) = 0. From (26) and (27) 
Note that when a 2 = a 3 , then there is cot
2a0a4 , which implies that θ 2 = θ 3 = π − θ 0 (i.e. Q(θ 2 , 0) = 0) since θ 2 , θ 3 , π − θ 0 ∈ (0, π). Hence a 2 = a 3 in the expression y = cot θ 2 and y = cot θ 3 because of the hypothesis P (θ, ϕ)Q(θ, ϕ) = 0. By checking, it can be proved that θ 1 , θ 2 are the roots of
For the case ϕ = π and the case ϕ = 2π, from (19) , (20) , and (21), we have
G. a4 = 0 and a0a1a2a3 = 0
In this section, we consider the quantum channel (2) with coefficients satisfying a 4 = 0 and a 0 a 1 a 2 a 3 = 0.
Note that
and P (θ, ϕ)Q(θ, ϕ) = 0 in case of θ = 0, π. Next we suppose that sin θ = 0, that is θ ∈ (0, π).
We begin with the discussion of the condition such that P (θ, ϕ) = 0. We can see that
Note that both z 1 = Thus, P (θ, ϕ) = 0 if and only if a 2 = a 3 , ϕ = π + µ, and θ = θ 0 . Therefore, 
By (19), we know that Q(θ, ϕ) = 0 if and only if a 2 = a 3 , ϕ = µ, and θ = π − θ 0 and
From above, we can see that the quantum channel with a 4 = 0, a 2 = a 3 , and a 0 a 1 a 2 a 3 = 0 can be collapsed to an EPR pair with probability p 1 = p 2 = (3) with (θ, ϕ) = (θ 0 , µ+π) or (θ, ϕ) = (π − θ 0 , µ)).
In the following we suppose that P (θ, ϕ)Q(θ, ϕ) = 0. From (26) and (27), we get
(59) It follows that the minimum of P (θ, ϕ) + Q(θ, ϕ) must occur at either the hyperplane sin(ϕ − µ) = 0 or the hyperplane a 0 cos θ + a 1 cos(ϕ − µ) sin θ = 0 when P (θ, ϕ)Q(θ, ϕ) = 0 and θ ∈ (0, π). Now we consider the two hyperplanes.
If a 0 cos θ + a 1 cos(ϕ − µ) sin θ = 0, then cos(ϕ − µ) = − a0 cot θ a1 ,`p
For sin(ϕ−µ) = 0, i.e. ϕ = µ, µ+π in case of µ ∈ (0, π], or ϕ = 0, π, 2π in case of µ = 0, we first investigate the case ϕ = µ. From (28), we have Clearly, θ 1 is a root of (24) . From
there is
where a 2 = a 3 . (Since when a 2 = a 3 there is θ 2 = θ 3 = π − θ 0 , i.e. Q(π − θ 0 , µ) = 0, which contradict with the hypothesis P (θ, ϕ)Q(θ, ϕ) = 0). By checking, we see θ 3 is a root of
For ϕ = µ + π, µ + 2π, there is (64) from (20) and (19) .
Thus, if a 2 = a 3 , then
H. One is a2 = 0 and a0a1a3a4 = 0, the other is a3 = 0 and a0a1a2a4 = 0
We now discuss the quantum channel (2), the coefficients of which satisfying a 2 = 0, but a 0 a 1 a 3 a 4 = 0.
When sin θ = 0, i.e. θ = 0, π, then
and P (θ, ϕ)Q(θ, ϕ) = 0 in case of θ = 0, π. Next we suppose that sin θ = 0. First, we prove that P (θ, ϕ)Q(θ, ϕ) = 0. If P (θ, ϕ) = 0, then
is an imaginary number, so P (θ, ϕ) = 0. From (19) , there is also Q(θ, ϕ) = 0. That is, no matter what kind of measurement basis Charlie choose, Alice and Bob can never share an EPR pair after his measurement.
Second, the minimum of P (θ, ϕ) + Q(θ, ϕ) should occur at the point satisfying (24) and (25), or θ = 0. From (26) and (27) , there are
(69) It follows that the minimum of P (θ, ϕ) + Q(θ, ϕ) should occur at the point such that sin(ϕ − µ) = 0, or a 0 cos θ + a 1 cos(ϕ − µ) sin θ = 0, or θ = 0.
From a 0 cos θ + a 1 cos(ϕ − µ) sin θ = 0, we know that cos(ϕ − µ) = − a0 cot θ a1 , and 
where θ 1 and θ 2 are the roots of equation
(72) Therefore, for quantum channel (2) with a 2 = 0 and a 0 a 1 a 3 a 4 = 0, there is
(73) Similarly, for quantum channel (2) with a 3 = 0 and a 0 a 1 a 2 a 4 = 0 we also obtain
(74) Here cot θ 1 = − a1 a0 .
I. µ = 0 and a0a1a2a3a4 = 0
In this section, we investigate the quantum channel (2) with µ = 0 and a 0 a 1 a 2 a 3 a 4 = 0. Evidently,
and P (θ, ϕ)Q(θ, ϕ) = 0 in case of θ = 0, π. In the following, we suppose that θ = 0, π, i.e. θ ∈ (0, π).
We first consider the case P (θ, ϕ) = 0. If P (θ, ϕ) = 0, then a 2 a 3 − a 1 a 4 )(a 1 a 3 + a 2 a 4 )(a 1 a 2 + a 3 a 4 ) ] (a 2 a 3 − a 1 a 4 )(a 1 a 3 + a 2 a 4 )(a 1 a 2 + a 3 a 4 ) ]
. Obviously, both z 1 and z 2 go to −∞ when t → +∞.
We can prove that
2 } has no intersection point with the straight line z = −1. Since z 1 is a continuous function of t and tends to −∞ when t tends to +∞, so z 1 < −1. Thus, there is no ϕ satisfying cos ϕ = z 1 . Let us look at z = z 2 . z 2 = −1 implies that
which follows that
Here t 1 and t 2 are imaginary numbers, while t 3 and t 4 are real numbers only if a 2 = a 3 . By checking, when
is a root of equation z 2 = −1, and the maximum point of function z = z 2 . Since z = z 2 is a continuous function of t, tends to −∞ when t tends to +∞, and has only one intersection point with straight line z = −1, there must be z 2 ≤ −1, where the equality holds iff a 2 = a 3 and t = t 3 = t 4 = a1+a4 a0 . It means that P (θ, ϕ) = 0 iff a 2 = a 3 , ϕ = π, and θ = θ 0 , where cot θ0 2 = a1+a4 a0 . From (19) , we can show that Q(θ, ϕ) = 0 iff a 2 = a 3 , ϕ = 0, and θ = π − θ 0 . Therefore
It is shown that the quantum channel (2) 
In the following we suppose that P (θ, ϕ)Q(θ, ϕ) = 0. By (26) , there is
(77) Note that a 2 a 3 a 4 (1 + 2a From (27) , there is 
+4 cos
which implies that cos ϕ = 0.
Next we only need to examine the two cases sin ϕ = 0, and cos ϕ = 0, that is, ϕ = 0, (81) First, we consider the case a 1 a 4 − a 2 a 3 = 0. In this case, (81) has the following solution
where if a 2 = a 3 , then a 1 a 4 − a 2 a 3 = 1 2 ;
where a 2 = a 3 ;
, where a 2 = a 3 .
By checking, we show that θ 1 is a root of
= 0, while θ 2 is a root only if a 2 > a 3 , and θ 3 is a root only if a 2 < a 3 .
Second, we consider the case a 1 a 4 − a 2 a 3 = 0. From (81), we get
, where a 2 = a 3 ;
By checking, we know that only θ 4 is a root of
For ϕ = π, 2π, by (52), there is
.
Now we investigate the hyperplanes ϕ = π 2 and ϕ = 3π 2 . From
2 )) dθ = 0, we also get θ = π 2 . It is direct from (19) and (20) that
Therefore,
J. µ = π and a0a1a2a3a4 = 0
In this section, we examine the quantum channel (2) with coefficients satisfying µ = π and a 0 a 1 a 2 a 3 a 4 = 0.
Let us start with the special case sin θ = 0. In this case, there is
Evidently, P (0, ϕ) = Q(π, ϕ) = a 2 0 = 0, P (π, ϕ) = 0 if and only if a 2 = a 3 and a 1 = a 4 , and Q(0, ϕ) = 0 if and only if a 2 = a 3 and a 1 = a 4 . Next we suppose that sin θ = 0, i.e. θ ∈ (0, π).
First, we look for the condition of P (θ, ϕ) = 0, Q(θ, ϕ) = 0. If P (θ, ϕ) = 0, then
Here (a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 ) > 0, and t ∈ (0,
], since (a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 ) ≤ 0 implies that P (θ, ϕ) = 0. Directly, (a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 ) > 0 if and only if a . Note that
< 0 in case of a 1 < a 4 and (a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 ) > 0, and
(88) It follows that 2a 4 (a 2 a 3 + a 1 a 4 )  +2 (a 2 a 3 + a 1 a 4 )(a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 
(89) and a 2 a 3 + a 1 a 4 )(a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 
(91) and 2a 4 (a 2 a 3 + a 1 a 4 )  −2 (a 2 a 3 + a 1 a 4 )(a 1 a 3 − a 2 a 4 )(a 1 a 2 − a 3 a 4 
(92) in case of a 1 < a 4 . Thus, if a 1 > a 4 , then both z 1 and z 2 go to +∞ when t → 0; if a 1 < a 4 , then both z 1 and z 2 go to −∞ when t → 0.
the solutions of which are
Here, t 11 and t 12 are imaginary numbers, and t 13 and t 14 are positive real numbers only if a 2 = a 3 and a 1 > a 4 . It is not difficult to check that θ 0 is a root of z 1 = 1 and the minimum point of z 1 in case of a 1 > a 4 and a 2 = a 3 . Here t = cot
a0 . z 1 ≥ 1 comes directly since z = z 1 is a continuous function of t, goes to +∞ when t → 0, and has only one intersection point with straight line z = 1, where the equality z 1 = 1 holds iff a 2 = a 3 ,a 1 > a 4 and cot
a0 . We can show that z 2 > 1 in case of a 1 > a 4 in the same way.
Similarly, we can prove that if a 1 < a 4 , then z 1 < −1, and z 2 ≤ −1, where z 2 = −1 iff a 2 = a 3 , a 1 < a 4 , and t = cot . Therefore, P (θ, ϕ) = 0 iff ϕ = 0 and θ = θ 0 in case of a 2 = a 3 and a 1 > a 4 , or ϕ = π and θ = θ 0 in case of a 2 = a 3 and a 1 < a 4 . It can be derived that
(1 − 2a 2 4 ) 2 + 4a 2 3 (−1 + a 2 1 + a 2 3 − 2a 1 a 4 + 3a 2 4 ). (95) Immediately, from (19) and (20) , Q(θ, ϕ) = 0 iff ϕ = π and θ = π − θ 0 in case of a 2 = a 3 and a 1 > a 4 , or ϕ = 0 and θ = π − θ 0 in case of a 2 = a 3 and a 1 < a 4 , and ( P (θ, ϕ) + Q(θ, ϕ))| Q(θ,ϕ)=0 = ( P (θ, ϕ) + Q(θ, ϕ))| P (θ,ϕ)=0 .
From above, it can be seen that the quantum channel (2), the coefficients of which satisfy µ = π, a 0 a 1 a 2 a 3 a 4 = 0 and a 2 = a 3 , can be collapsed to a Bell state with probability p 1 = p 2 = by Charlie's measurement in the basis (3) with (θ, ϕ) = (θ 0 , 0) or (θ, ϕ) = (π − θ 0 , π) in case of a 1 > a 4 , or (θ, ϕ) = (θ 0 , π) or (θ, ϕ) = (π − θ 0 , 0) in case of a 1 < a 4 . In particular, this quantum channel can also be purified to an EPR pair with probability 2a In the following, we suppose that P (θ, ϕ)Q(θ, ϕ) = 0. In order to obtain the minimum of P (θ, ϕ)+ Q(θ, ϕ), we need to find the points such that equations (26) and ,
where θ 4 is a root of equation (24), while θ 5 is a root of equation (24) only if a 2 > a 3 . If (a 1 a 3 − a 2 a 4 ) = 0, and a 1 = a 4 , then a 2 = a 3 , and y = cot θ 6 = −a1+2a ,
where θ 6 is a root of equation (24) , while θ 7 is a root only if a 2 < a 3 . If a 1 = a 4 and a 2 = a 3 , then
where θ 8 is a root of equation (24) . 
By (19), (20) and (21), we have min{ P (θ, π) + Q(θ, π)} = min{ P (θ, 0) + Q(θ, 0)} = min{ P (θ, 2π) + Q(θ, 2π)}
Now let us examine the case ϕ = 
To sum up, min{ P (θ, ϕ) + Q(θ, ϕ)} = min P (0, ϕ) + Q(0, ϕ), P ( 2 ), min{ P (θ, 0) + Q(θ, 0)}, ( P (θ, ϕ) + Q(θ, ϕ))| P (θ,ϕ)=0 .
(115)
IV. CONCLUSION
In brief, we give the analytic expression of the localizable entanglement (LE), the maximum of probability of successfully controlled teleporting an unknown qubit state (14) via every three-qubit state (2) satisfying a 1 a 2 a 3 a 4 sin µ = 0 and investigate how to achieve it (that is, Charlie finds optimal measurement basis, performs optimal measurements, and communicates the results).
